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Abstract. Let X1,...,X,, n > 1, be independent identically distributed (i.i.d.) R valued
random variables with a smooth density function f. We discuss how to use these X's to
estimate the gradient flow line of f connecting a point zy to a local maxima point (mode)
based on an empirical version of the gradient ascent algorithm using a kernel estimator based
on a bandwidth h of the gradient V f of f. Such gradient flow lines have been proposed to
cluster data. We shall establish a uniform in bandwidth h result for our estimator and
describe its use in combination with plug in estimators for h.

Index Terms: gradient lines, density estimation, nonparametric clustering, uniform in band-
width

1 Introduction

Let f be a differentiable density on R?. Assuming that f is known, consider the following
iterative scheme. Fix a > 0 and, starting at zo € R%, define iteratively the gradient ascent
method

Ty = Ty_1 + CLVf(l’g_l), for ¢ > 1.

When it exists, define x,, = limy_,,, z,. The rationale behind this iterative gradient ascent
scheme is to have the sequence (x, : £ > 0) converge to a local maxima point (mode) of f
— representing a cluster center.

In fact, one can use this scheme to cluster a set of data by assigning to each observation the
nearest mode along the direction of the gradient at the observation point (Fukunaga and
Hostetler [7]), where V f is replaced by an estimator VfA based on the data. This is close in
spirit to Hartigan [9].

In practice, the underlying density f is rarely known and has to be estimated using a kernel
density estimator. Let ® : R? — R be a kernel function — an integrable function satisfying
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Jga ®(z)dz = 1 — and for a bandwidth 0 < h < 1, let ®,(u) = h~9®(u/h). The corre-
sponding kernel estimator of f based on a random sample X, ..., X,,, i.i.d. with density f,
is

fan(z Z% r—X (1)

and if @ is differentiable, then we estimate the gradient of f by the kernel type estimator

V fon(z Z Vo, (z

We shall establish a general uniform in bandwidth A result in a sense to be soon made precise
in Section 2 for the sequence of estimators beginning with Zy = xq

Bp=Zp_1 +aV fon(@_y), for £>1.

Before we can do this we must first establish some notation and state two general results.

1.1 Two general results

Let g : R? — R be differentiable. Starting at z, € R¢, we study the convergence as a — 0 of
the sequence
xp=wxp1+aVyg(req), forl>1, (2)

towards the gradient ascent line of ¢ starting at zy. In particular, we characterize the limit
T, providing a consistency result for the clustering algorithm based on the local maxima
point of g. Then, given another differentiable function g, meant to approximate g, we
compare the sequence (x;) to (&), where

Tp= Tp_1 + aVﬁ(aﬁ*g,l), for £ > 1, (3)

starting at the same point 2o = z. In particular, when estimating the gradient ascent lines
of a density f based on a sample X1,...,X,, g can be taken to be some kernel estimator f
of f.

Recall that a critical point of ¢ is a point x* at which the gradient of ¢ vanishes, that is,
such that Vg(z*) = 0. A flow line or integral curve of the positive gradient flow of g is a

curve x such that
2'(t) = Vg(x(t)). (4)

Note that, along any flow line, the value of ¢ increases, that is, the function ¢ — g(z(t)) is
increasing with t. By the theory of ordinary differential equation, through any point z, € R?
passes a unique flow line x(t) defined for ¢ € [0,%), where ¢, > 0, such that z(0) = z (see
Section 7.2 of Hirsch et al. [10]); we say that x(t) is the flow line starting at z,. Let 2* be a
critical point of g. We say that x¢ is in the attraction basin of z* if the flow line x(¢) starting
at zg is defined for all ¢ > 0 and lim;_,, z(t) = z*. An accumulation point of a sequence of
points through an integral curve x(t), i.e., a sequence of the form {z(t,) : t; <t2 < ...},
t, — o0, is called a limit point of z(t). Any limit point of a gradient flow line of g is
necessarily a critical point of g.



We start by stating a general result by Arias-Castro et al. [1] (also see [2]) who established
the convergence of the gradient ascent scheme (2) towards the flow lines of the underlying
function g. Starting from a point x( in the attraction basin of an isolated local maxima point
x*, under some conditions stated below, the iteration (2) converges to x*. By an isolated
local maxima point z* we mean that for all ¢ > 0 small enough the open ball of radius
e around x*, B (z*,€), contains no local maxima point other than z*. We will show that
in fact, the polygonal line defined by the sequence (x,) is uniformly close to the flow line
starting at zy and ending at z*.

Theorem 1 (Convergence of gradient ascent method) Let g be a function of class
C3. Let (x(t) : t > 0) denote the flow line of g starting at xo and ending at an isolated
local mazxima point x* of g. Let (xy) be the sequence defined in (2) starting at xo. Then there
exists A = A(xg, g) > 0 such that, whenever a < A,

Eginoo Te=T- (5)

Denote by x4(t) the following polygonal line
To(t) =2p 1+ (t/a— L+ 1)(xg—x01), VtE[l—1)a,la).

Assume Hgy(x*) has all eigenvalues in (=7, —v) for some 0 < v < . Then, there exists a
Co = C(xo,g,v,7) > 0 such that, for any 0 < a < A,

sup ||zq(t) — z(t)|| < Coa®, with § :==v/ (v +7). (6)
>0

Next, we state a version of a stability result of [1] for flows of smooth functions. Under some
conditions, when ¢ and g are close as C? functions, then their flow lines are also close. First
we need some notation.

For a function ¢ : R — R, we let ¢ (z), £ > 1, denote the differential form of ¢ of order /
at a point z € R?, and let H,(z) denote the Hessian matrix of ¢ evaluated at  when they
exist. The differential form ¥ (z) of ¢ at x is the multilinear map from R% x --- x R? (¢
times) to R defined for ¢ > 1 by

90(5) (.Z’)[Ul, o U Z ax“ ul,il e Up gy,

i15ete=1
where, for each 1 <1 < ¢, u; has components u; = (u;1, ..., u;q). We write
pO(z) = p(z), z € R",

Given a multilinear map L of order £ > 1 from R? x --- x R? to R, which we write as

d
L[ul, oo ,uz] = E Li gy - U,

U100 =1

w



we denote by || L] its operator norm defined by

ILN = sup {|L{ur, - uell = fluall = - - = fJugl| = 1} (7)
Note that when ¢ = 1, ||L|| = /3¢, L2, and when £ = 2
|L||= sup |v'Lu|l = sup |Lul,
ull=llvll=1 [Juf| =1

where L is the d x d matrix {L;;: 1 <1i,j <d}, (cf. page 7 of Bhatia [3]), which implies
that for any = € R?
| Lae| < ||L[ ]| (8)

When ¢ = 0 we set | L|| = |L]|.
We denote by || L||max the norm defined by

| L]l max = max{|L; ;| : 1 <iy,...,5 < d}. (9)

We note for future reference that easy calculations show that

¢
[ Lllmax < [IL]| < d2|| L | max- (10)
For a set S C R?, we define
rili, S) = sup ()| (11)
S

Note that (i, S) is well-defined and is finite when ¢ is of class C* and S is compact.
The upper level set of a function ¢ : RY — R at b € R is defined as

L,(0) = {o € R p(a) > b}, (12)

We suppress the dependence on ¢ whenever no confusion is possible. For any z € R? and
r > 0 denote the open ball

B(x,r)=A{y: [z —yll <r}
and the closed ball

B(z,r)={y:llz -yl <r}.
Here is our stability result. It is a version of Theorem 2 of [1] designed to prove our uniform
in bandwidth result stated as Theorem 3 in the next section.

Theorem 2 (Stability of smooth flows) Suppose g and g are of class C®. Let (x(t) : t >
0) be a flow line of g starting at xo, with g(xy) > 0, and ending at an isolated local mazima

point x* where Hy(x*) has all eigenvalues in (=, —v) for some 0 < v <. Let (t) be the
flow line of g starting at xo. Let S = L(g(x0)/2) N B(xg,3ro), where

ro = ma () — o]. (13)
and define

N = sup || g™ () — g™ (2)]].
x€eS



Then for all D > 0 there exists a constant C' := C(g,zo,v,v,D) > 1 and a function
F(g,z0,v,0,1/C, D) of D such that, whenever max{ng,n,ne} < 1/C and ns < D, &(t) is
defined for allt > 0 and

sup () — &(8)]| < (g, @0,2,7,1/C, D) max { /i, }. (14)

>0
where 6 = v/ (v + 7).

Combining Theorems 1 and 2, we arrive at the following bound for approximating the flow
lines of a function g with the polygonal line obtained from the gradient ascent algorithm (3)
based on an approximation g to g.

Corollary 1 In the context of Theorem 2, for a > 0, define
ja(t) = jﬂ—l + (t/CL -+ 1)(‘%5 - j€—1)7 vt € [(E - 1)&,6&), (15)

where (&) is defined in (3). Then for all D > 0 there exists a constant C' := C(g, xo,v,v, D) >
1 and a function F(g,x¢,v,v,1/C, D) of D such that, whenever max{ny,m,n2} < 1/C and
3 S D7

sup 1Z4(8) = 2(®)]| < F(g, x0,v,,1/C, D) [a® + max { /10,77 }] , (16)
where 6 = v/ (v + 7).

In applications, the requirement that g(z¢) > 0 can be sidestepped.

2 The estimation of gradient lines of a density

Let fn,h be the kernel density estimator of f in (1) with kernel ® and bandwidth A. Sharp
almost-sure convergence rates in the uniform norm of kernel density estimators have been
obtained by several authors, for example Einmahl and Mason [5], Giné and Guillou [8],
Einmahl and Mason [6], Mason and Swanepoel [12] (also see [13]) and Mason [11].

We first state a bias bound from [1].

Lemma 1 Assume ® is nonnegative, C* on R? with all partial derivatives up to order 3
vanishing at infinity, and satisfies

/Rd ®(x)dz =1, /Rd z®(z)de =0 and /Rd |z]|?®(z)dz < oc. (17)

Then for any C* density f on RY with bounded derivatives up to order 3, there is a constant
C > 0 such that for all 0 < ¢ <3

sup
xER4

E[fO@)] - fO@)| < cne-ome, (18)

Next, by applying the main result of [12] (also see [13] and Theorem 4.1 with Remark 4.2 in
[11]), [1] derive the following uniform in bandwidth result for f,, , and its derivatives.
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Lemma 2 Suppose that ® is of the form ® : (x1,...,2q4) — [[t_y dx(xx), and that each
¢k is nonnegative, integrates to 1, and is C°® on R with derivatives up to order 3 being of
bounded variation and in Li(R?). Then, for any bounded density f on R%, there exists a
0 < by < 1 such that almost surely

nhd+2¢

FO@) —E []W;L(x)} H <oo, YO<E<3. (19)

n, n,

limsup  sup sup
n—oo logn <hd<b0 ZL‘ERd log n
ER <hd<

It is straightforward to design a kernel that satisfies the conditions of Lemmas 1 and 2. In
fact, the Gaussian kernel ®(z) = (27)~%2 exp(—||x||?/2) is such a kernel.

Theorem 3 Consider a density f satisfying the conditions of Lemma 1. Suppose fmh s a
kernel estimator of f of the form (1), where ® satisfies the conditions of Lemma 1 and 2.
Let (z(t) : t > 0) be the flow line of f starting at a point xo with f(xo) > 0, ending at
an isolated local mazima point x* where Hy(x*) has all eigenvalues in (—v,—v) for some
0<v<m Fora>0,0<h<1andn>1 define (i,(t,n,h) : t >0) as in (15) with f
taken as f,5, in (3). i.e. forte[({ —1)a,la), £ >1,

Zop () = &o_1p () 4+ aV frn (e (h)),

with &g, (h) = xo. Suppose that

1+6/d
TLCLn+/

a, — 0,

— 00 and a, < by, with b, — 0, (20)
logn

then there exists a constant C' > 0 such that, with probability one, for all n large enough,
uniformly in a, < h? < by,

sup ||z, (t,n, h) — z(t)|| < C (a6 + h%) , (21)

0
where 6 =v/ (v + 7).

Remark Let

~

hn = Hp(Xq,..., X5)
be a bandwidth estimator so that with probability 1

~

. hd
h, — 0 and liminf — > 0,
n ap,

where a,, satisfies the conditions in (20). Notice that under the assumptions and notation
of Theorem 3 we have, with probability 1, for the plug in estimator (¢, n, ﬁn), for all large
enough n,
sup |3 (t,n, o) = 2(t)| < € (o +32). (22)
>0
For a general treatment of bandwidth selection and data-driven bandwidths consult Sections
2.3 and 2.4 of Deheuvels and Mason [4], as well as the references therein.
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3 Proofs of Theorem 2 and Theorem 3

To show the reader how all of these results fit together, we shall prove Theorem 3 first.

3.1 Proof of Theorem 3

As in the proof of Theorem 2 in the next subsection, we may assume without loss of generality
that L£,(f(z0/2) C B(wo,3ro), with rg = sup,s ||z(t) — 2o, which implies that £(f(z/2) is
compact. N

For any integer 0 </ <3, n>1and 0 <h <1, let

e () = sup 1 £,5,2) = 1)l

where the norm used is defined in (7). From (18) and (19), we see from the triangle inequality
that for some constant A, > 0, uniformly in a, < h? < b,,, for all large n

_ logn
Nen (h) < Ay (h(3 Py W)
logn
—0 /
S A[ <b1(13 N2 + 1——&—2£/d> .
nan,

It is easily checked using (20) that for any 0 < ¢ < 2

sup  Men (h) — 0, as.,

an Shd <bn,
while

limsup sup 73, (h) < A, as.

n—0o  a,<hd<b,

Also one finds that uniformly in a, < h? < b, for all large n for some constant B > 0

[
HO=0 | B < BR2, for €= 0,1.
n

Thus since 6 < 1/2, uniformly in a, < h® < b, for all n large enough,
maxc{y/1o (h),m, ()} < AR,

with A = max{+/AyB, (A, B)°}. We finish the proof by applying Corollary 1. OJ



3.2 Proof of Theorem 2

Our proof will follow that of Theorem 2 of [1], however with some major modifications and
clarifications needed to obtain the present result. We shall require the following two lemmas,
which we state here without proof. They are respectively Lemma 5 and 6 of Theorem 2 of

[1].

Lemma 3 Suppose that g is of class C3. Let x* be an isolated local mazima point of g where

H,(z*) has all eigenvalues in (—v, —v) with v > v > 0. For e > 0, let C(€) be the connected

component of L,(g(x*) — €) that contains x*. Then there is a constant Cs = Cs(g,z*) such

that
E(:c*, V(2¢/7)) C C(e) C E(x*, V2€/v), foralle < Cs, (23)
and _
g(x*) —g(x) < ng - :U*||2, for all x such that ||z — x*|| <A/C5/7. (24)

Lemma 4 Suppose that g is of class C3. Let (x(t) : t > 0) be the flow line of g starting at
xo and ending at x* where Hy(x*) has all its eigenvalues in (—oo, —v), with v > 0. Then,
there is Cy = Cy(g,x0) such that, for all t > 0,

Jz(t) — a*|| < Cre™, (25)

and
g(a*) = g(a(t)) < Cye™. (26)

The following, adapted from Hirsch et al. [10, Section 17.5], is a stability result for au-
tonomous gradient flows.

Lemma 5 Suppose ¢ and v are of class C' and for a measurable subset S CR?
IVe(z) = Vip(z)[ <e, VeeS.

Let K be a Lipschitz constant for Vo on S. Let (x(t) : t > to) and (y(t) : t > to) with
to > 0, be the flow lines of ¢ and v starting at x1 and y,, respectively, i.e. x(to) = x1 and

y(to) = v1, and
2(t) = Ve (a(t)) and y/ (1) = T(y(1)), for t > o
Assume that the flow lines x(t) and y(t) are in S. Then,

la(t) = y(t) = (@ — ) | < [ 1], Vi

For the convenience of the reader we state here the Weyl Perturbation Theorem (see Corollary
I11.2.6 of Bhatia [3].)

Weyl Perturbation Theorem Let M and H be n by n Hermitian matrices, where M has
eigenvalues 1 > -+ > p, and H has eigenvalues vy > --- > v,. If |M — H|| < ¢, then
i —vi| <efori=1,... n

Next is a result on the stability of local maxima points.
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Lemma 6 Suppose f and g are of class C3, and have local maxima points at x and vy,

respectively, with H(z) having all eigenvalues in (—o0, —v] for some v > 0. Then for any
0<b<1andk>max (r3(f, B(z,b)),rs(g, B(z,b))),

2
N
Proof Let Hy and Hy be short for the Hessian matrices Hy(z) and H,y(y), respectively. We
develop f and g around x and y, respectively. Assuming ||z — y|| < min{i—:,b}, which

Y2 o

o=yl <min{30h = o=l < (1) - a(o)l 10 - 9(0)])

implies that y € B (z,b), we have

1 . K

f(y) =f($)+§Hf[w—y,w—y]+Rf(x,y), with  |Ry(z,y)| < ng—yHS;
1 . K

g(z) =gly) + §Hg[l" —y, 7 =yl + Ry(,y), with  |Ry(7,y)| < gllx —y’.

Summing these two equalities, we obtain

1

s Hy +Hy)lr —y.x —y] = f(y) = 9(y) + 9(x) = f(z) = By(w,y) = Ry(x,y).

Let v > 0 be such that the largest eigenvalue of Hy is bounded by —v. By the triangle
inequality and the fact that H, is negative semidefinite,

vz —yl? < |(Hf +Hy)lz —y, z —yl|| <2|f(x) —g(@)| +2|f(y) —g(y)| + %ﬁllw —yl°.

Thus, when ||z — y|| < min {32,b}, we have v|jz — y|? — 2|z — y||* > %||z — y||?, so that

e~ ull* < = (17(@) — o(a)| + 1F0) ~ 9w

and from this we conclude (27). O

It would help the reader to make his or her way through the intricate arguments that follow
to always keep in mind that ny,m1,n2 and € > 0 are assumed to be sufficiently small and
te > 0 sufficiently large as needed, and n3 < D, where D > 0 is a pre-chosen constant.

Bound on ||z* — z*||.

Our first goal is to derive a bound on ||&* —z*||. Arguing as in the proof of Theorem 1 of [1],
we may assume, without loss of generality [WLOG], that £,(g(z0)/2) C B(xo,3r), where
o is as in (13). So from now on, we assume that £,(g(x¢)/2) is compact and we set

S = Ly(9(x0)/2). (28)

Note that since g (z (t)) increases along t > 0, z (¢t) € S for all t > 0.
We also let ¢ be short for k,(g, ), as defined in (11).



Claim 1. For ny sufficiently small, &(t) € S, for all t > 0, with S as in (28). Indeed,
suppose there is ¢ > 0 such that #(¢) ¢ S. Fix ¢ = g(x¢)/2. Then, by continuity, there is
0 <t <t such that g(z(t')) = g(z¢) — 0. Since both Z(¢') and xy € S, we have

ga(t)) =g@t')) — g(@®')) + g(@(t))
<o+ g(xo) — 0
= 1o + g(wo) + g(wo) — g(w0) — 0
< g(wo) +2m0 — 0,

by the triangle inequality, applied twice. Since g(&(t')) > g(x¢), we see that this situation
does not arise when 7y < p/2. This establishes Claim 1.

From now on we shall assume that 7 is sufficiently small, so that
z(t) € S, for all t > 0. (29)

Claim 2. For all ng, m and ny sufficiently small, £* = limy_,, Z(t) is well defined and is
close to z*. Since g is of class C® by assumption, the map x — Vg(z) is C!, and since by
Claim 1 for all ny sufficiently small z(¢) stays in S and S is compact, &(t) is defined for all
t > 0 by the first corollary to the first theorem in [10, Section 17.5].

Applying Lemma 5 with ¢ty = 0 and x1 = y; = x¢ we get

() = 2 (@)l] < ——evie

\/C_lfiz 7

For € € (0,C3), where Cj is as in Lemma 3, let ¢, be such that z(¢) € B(x*,/(2¢/7)) for all
t > t., which is well-defined since z(t) — x* as t — co. Hence

vt >0, (30)

[2(te) = 2™ || < [J2(te) = 2t + [=(te) — =7

2
< T Varate | \/ nag (31)
dlig 14

Assume that 7, and € are small enough so that 6; < /C5/7. Letting C (¢) be as in Lemma
3, by (23) we have

B(z*,6,) CC(e), with ¢ = gé%,

noting that /€,2/7 = ¢; and ¢ < C3/2. Thus Z(t.) belongs to C (€;) and in particular
g(z(t.)) > g(z*) — €. Using this last inequality, we deduce from the triangle inequality and
the fact that ¢t — g (2(t)) is increasing that for ¢t > ¢,

g(&(t)) = g(&(t)) —mo = g(&(te)) — 1o
9

(2(te)) — 2m0 > g(a™) — €,

(AVARAY

where
€9 = €1 + 2770 (32)
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Since &(t.) € C(e1) C C(e2) and (Z(t) : t > t.) is connected and in L,(g(z*) — €2), we nec-
essarily have (&(t):t >1t.) C C(e2). Assume that €, 79 and 7, are small enough so that

€ < Cs. Then, by Lemma 3, C (e;) C B (x*, \/262/2), and so

|2(t) — 2*|| < e3:= \/2e2/v, for all t > t.. (33)

Assume ¢, 1,7, are small enough so that B (z*,e3) C S. For any x and y in B (2*, e3) we
get by (10) that

1Hy(2) = Hy()| < dll Hy(2) = Hy(y)llnax < d*2ris]lz = y]. (34)
Using (34) and (33), for any = € B (2%, €3)

[ Hg () — Hy(2")|| < [|Hg(z) — Hy(x)|| + || Hy(x) — Hy(2)| (35)
< 772+d3/2/£3\|9c—:v*H < oy + d* % kges. (36)
Let v > v, but close enough such that all the eigenvalues of H are still in (—oo, —v). We

then apply the Weyl Perturbation Theorem, cited above, to conclude that for all 7, and €3
small enough and = € B (z*, €3) so that

M2 + d3/2/€363 <v—v (37)

the eigenvalues of Hg(z) are all in (—oo, —r). We shall assume that €, o, 71,72 are small
enough so that this is the case. Using (33) and compactness of B (z*, €3) , we get by Cantor’s
intersection theorem that

K = {7 (u) - u >t}

is nonempty. In addition K is composed of critical points of g. (See [10], Section 9.3,
Proposition, p. 206 and Theorem p. 205). Therefore we conclude that K is a singleton,
which we denote £*. This is a critical point of § in B (2*,e3) and is the limit of 7 (¢) as
t — 0o. Moreover, 2* is a local maxima point of g. This proves Claim 2.

We have just shown that for € > 0,79, niand 7, sufficiently small
|2* — ¥ < es.

To summarize, the analysis from equations (30) through (37) shows that for all € > 0, 1o, m
and 7, small enough, B (z*,e3) C S, i* € B (2%, €3) , 12 + d*/*kzes < v — v and (33) holds,

where

[ 2¢ v

61 — —\/%1/1 e\/g’%?te -+ E, €1 = 55%, €9 = €1 + 27707 <38)
2

and
€3 = 262/?. (39>

Notice that €3 is a function of (e, 19, 71,72) and

vov—ie €1+2?70 52+2770
T By



Letting x = k3 + 13 and b = €3 in Lemma 6 we see by (27) that whenever
3v
4 — 2| < min?d g, —2= L
b= < min o
then

¥ — ar|) < 220
V¥

Clearly when 13 < D for some D > 0 and e3 < %g/ (k3 + D) then

: v > v
min-< €, ——— min -« €, —— — €3.
T d(kg ) ) T 4 (k3 + D) ’

Putting everything together, we can conclude for every D > 0 there exists a constant

(40)

9 = qo(g,0,v,7,D) > 1

such that whenever max{e, g, n1,m2} < 1/qo and n3 < D

o+ - o) < 220 =
\/_

*Throughout the remainder of the proof, we shall assume max{e, ng,n1,72} < 1/go and
N3 < D so that (41) holds.

Bound on ||z(t) — Z(¢)|| for large t.

Next we obtain a bound on ||z(t) — &(t)|| for large t > 0. Let H and H be short for H,(z*)
and Hy(2*), respectively. We proceed with a linearization of the flows near the critical points.

Let v > v, but close enough such that all the eigenvalues of H are still in (—oo, —v). By
combining (36) and (41)

=: Qo/1o- (41)

1L — H|| < 0y + d55Qo/ 0. (42)

Choose v > vy > 11 > v. Clearly the eigenvalues of H are also in (—oo, —1). Suppose that
1o and 79 are small enough that

M2 + d%FLgQO\/% <V — Vs
Thus ||ﬂ — H|| < v — 1y and by Weyl’s inequality the eigenvalues of H are in
(—o0, —v + (Vv — 1)) = (—00, —1). (43)

Recall that WLOG we assume that S = L£,(g(x)/2). By the definition of S, clearly there is
an ry > 0 such that B(z*,7,) C S. Note that for any D > 0 fixed the constant gy > 1 can
be taken large enough so that (29), (31), (33), (34), (36) and (41) hold simultaneously. Fix
an € > 0 small enough so that this is the case, and also such that /e < (1/r/2)ry/2. Recall
the constants (38) and note that eo > €. Then recall by (33) there is a t. (depending on e
and the trajectory z(t)) such that

|Z(t) — || < \/2€2/v, for all t > t.,
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which in combination with (41) gives

|Z(t) — 2*|| < v/2€2/v + Qor/T0, for all ¢ > t.. (44)

Also by (25) for all ¢ > t., where t. > 0 is large enough,
() — 2™ < 7y /2. (45)

We see by (41) that when 7, and 7, are small enough we get B(2*,7,/2) C B(z*,r,) and
we see by (44) that when 7y and 7, are small enough, ||Z(¢) — 2*|| < 7, /2 (note that this is
possible since we have fixed v/e < (\/v/2)r;/2). Setting ry = r /2 and

ty = t., (46)
we get that B B
B(z*,ry) C S and B(&*,r) C S,
and B )

z(t) € B(z*,ry) and z(t) € B(z*, ry), for any ¢ > ¢4, (47)
when 7, 171, and 7, are small enough and 73 < D, and also keeping (45) in mind. (Note that
t; depends only on ¢ and the trajectory z(t)).

Letting
x(t) = x(t) — 2" and 24(t) = 2(t) — 27,

by a Taylor expansion, for all ¢ > ¢; we have

H0) = VHa(0) = Ha®) + RO, with RO < Y2200 (48)
() = Vi) = Hay0) + RO, with (R0 < Y 5 g

The difference gives

7y(t) — #4(t) = Hay(t) — Hay (1)) + R(t) — R(1)
= H(ay(t) — #4(t)) + (H — H)4(t) + R(t) — R(1). (50)

Claim 3 We get after integrating (50),
zy(t) — iy (t) = —e™ (2" — 2) + /0 t e IH[(H — H)#4(s) + R(s) — R(s)]ds. (51)
To check this note that x;(0) — 24(0) = 2* — 2*, and differentiating (51), we get
() — #(t) = —HeM (2" — 3*) + He™ /0 o [(H — H)iy(s) + R(s) — R(s)] ds
+(H — H)iy(t) + R(t) — R(t). (52)
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From (51), e™(2* — #*) may be expressed as
t
Mz — &%) = — (24(t) — &} (1)) + /0 IH[(H — H)#4(s) + R(s) — R(s)]ds.  (53)
Putting (53) in (52) we get (50). This verifies Claim 3.
Now since all of the eigenvalues of H are in (—oo, —1/) we have

HeaH” <e ¥ forall a>0.

Using this fact with the triangle inequality along with (8), (42) and the inequalities in (48)
and (49) we get
l4(t) = 2 (@)
K3 + 13

—vt|| ok sk ' —v(t—s A R .
<o =+ [ [l 4V (FlaolF + el as, 60
0

where

A=+ d%/ngO\/%-
Recall that by Lemma 4, for some Cy = Cy(g, x),

|z (8)]| < Cye™™" for all ¢ > 0. (55)

Claim 4. For € > 0, no, 1, and ne small enough and that ns < D so that (41), (43) and
(47) hold, there is a constant C) := C}(g,xo,v, U, €, D) such that

124(t)]| < maxCje ™", for all t > 0. (56)
Proof. We assume WLOG that S = L, (g (z¢) /2) and is compact. Thus

sup ||z —y| = L < 0. (57)
z,yeS

Let &3 be short for x3(g,.S). We have that,
Ry < kg +m3 < K3+ D.

We assume that € > 0, 19, 71, and 7, are small enough and that 173 < D so that (41) and
(47) hold.

A Taylor expansion of Vg at x € B(Z*, 7)) gives

-~ ~

Vg(z) = H(z — 7*) + R(z,7), (58)

with R
1Rz, 7%)|| < Ry d||lz — 3.

Therefore by (58) and 7’ (t) = Vg(Z (t)), we have,

% @(t) —7) — H(@(t) - 7) = R(@(t),7) (59)
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and since Z(0) = z and 7 (t) satisfies the differential equation (59) it is readily checked that

_ ¢ .
e (g — %) + / eIHR (2(s),7%) ds.
0

Since all the eigenvalues of H are in (—oo, —15) we have

eO‘HH <e ™%  forall a > 0.

Then,
t
|Z(t) — 2| < e™"||Z — ¥ + ?%3%3/ e 2079)||Z(s) — 2% 7ds. (60)
0
Set
u(t) = e”'|z(t) — 7
and .
O(t) = |zo — 7| +23\/73/ e |3(s) — 7 2ds. (61)
0
Thus by (60), @(t) < U(t) and U'(t) = Ry ¥le »20%(1), so
ot Ll
T ) _ i) 2
U(t) U(t)
< Ry lde 21 (t) = Re 2|2 (t) — 7|
Vd A .
< (ks + D)|2(t) — a7 (62)

Recall that v, > 11 > v. We can choose WLOG 74 in (47) small enough so that
-1

(1/2 — Vl).

Ty < [?(ffs + D)

Assuming that this is the case, we get from (62)

rr
({ ®) <wvy—uv, forallt>t;.
U(t)

By integrating between ¢; and ¢, we deduce that
log U(t) < logU(ty) + (v2 — m)(t — 1),

and so X
|2(t) — 2% = e " a(t) < e U (t) < cre™™,  for all t > ¢,

with R
¢ 1= Ulty)e 27t
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For t < t;, we simply have
1Z(t) — &7 < coe™™",

where
co = max ||Z(t) — 7% e,
0<t<ty

Notice that by (57) and (61), keeping in mind that we always assume by Claim 1 that 7 is

sufficiently small so that z(t) € S, for all t > 0,

U(ty) = oo — &) + Rs %! i e a(s) - s

< L+ (kg + D) YL vty

and thus
¢ < (L + (ks + D) %em) e~ 2ty —. g

and
ey < Le"'t =: G,

Hence (56) holds with the constant C} = max(¢;, ¢), which proves Claim 4.
This, in combination with (55), shows that for all ¢ > 0

max([|z; (2)]], [|2(2)]]) < Care™,

where C)yy = max(Cy, CY).

We shall use (63) to bound the integral in (54). We have by (63) and v > 11 > v

/Ot e [AH@(S)H +d (%H%(S)HQ "3 +773|| iy (s )||2)} ds,

t
< / emut=) {ACMe—”IS +Vd (%Oﬁwe-w + ; Bz, —2'/18)1 ds
0
t
< / e Ut=s) [AC’Me_”ls +d (k3 + m3) 012\46_255} ds
0

+ \/E(Ii;g + 773) CM

_ —(ri—u)t vt
< Oy {Ale— l—e ]

n—rv

Applying this bound in (54) we get

l4(t) = 2 (@)

. 1 — e (i-u)t 1— e ut
< e_ﬂtHx* — ZL‘*H + CMG_Zt |:A— + \/E(lig + 773) CM :|

N v —v
By the triangle inequality

() = 2@ < la* = &7 + [lz4(t) — 240
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and using (41) and (64) we deduce that for all ¢ > ¢,

[ (t) — ()]

1 —_ e_(Vl_Z)t

< (1+ e Qov/Mo + Crre ™ | A———— + Vd(ks + 13)Cir

v —rv

1—e

Keeping in mind that we assume that n3 < D, no, m and 7o < 1/gp < 1, which makes
A < 1+ d*?k3Qq. Therefore for ty = t. > 0 suitably large we get that for some constant

Ql = Ql(gax(]aZ?ﬁ?ea D) > 07

lz(t) — 2@t)|| < Qi1 (y/mo + ), forall t >t.. (65)
(Recall that in (46) we defined t; :=t¢..)

Notice that since g is in C?, there is an € > 0 such that all the eigenvalues of H,(z) exceed
—v when 2 € B(2*,¢), € > 0, being fixed. Note that this implies that Vg is Lipschitz on
B(z*,¢) with constant . Let t. be large enough such that for all t > t., x(t) € B(a*,¢/2).
Assume that 7 is small enough so that ||[2* — 2*|| < €/2, which is possible by (41). Moreover
by (65) for a suitably large t. > 0 and small 1y > 0 with 17, < 1/gy < 1 and 3 < D

|z(t) — 2(t)|| < Q1 (Vo +e %) <e/2, forall t >, (66)

Then we also have 7 (t) € B (x*,¢) for all t > t.. We may now apply Lemma 5 with
§ = B(z*,¢), to = te, 11 = x(te), y1 = Z(L), keeping in mind that Vg is Lipschitz on
B(x*,€) with constant 7, to get

lo(t) = &() — (a(te) — 2(t)) | < Ze™, W >t (67)

Bound on ||z(t) — Z(t)|| for small t.
(3

Since € is fixed, by (30) we also get by Lemma 5 the following bound on ||z(t) — z(t)]| for

small t >0
\/352—3’155
M \/EH t 7716| 17

z(t < M Vikt < NT vt < < g 68

Joft) = ()] < vt < B (63)
Completion of the Proof of Theorem 2
Combining (67) and (68) we get

lz(t) — 2(@)]| < Qame™, Vvt =0, (69)

for some constant Q3 = Q2(g, zo,v,7,€, D). Then from (65) and (69) we arrive at

lz(t) — 2(t)]| < Qs min [\/no + e, me™], VL0, (70)

for some constant Q3 = Q3(g,zo, v, 7, €, D). Indeed, the curves t — @ («/770 + e‘ﬂt) and
t — Qom e’ intersect at some point ¢ larger than ¢, if

-V v 6
1 (\/%"‘ € ’te) > Qome’ = Qy > S —

\/_+ e ut6
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and this is guaranteed if we choose ) large enough that @)1 > Q2 e(”+”) . (Recall the
bounds in (41) and note that ()2 does not depend on Q).

We are now ready to finish the proof of Theorem 2. We shall show that the bound (14)
follows from (70). To verify this, we start with

min [/ + e, me™] < 2B(t), B(t) := min [ max{y/no, e '}, me”].

Set to = 5-1og(1/mo) and note that

e % when t <t
/o, when t > t.

Suppose that 7y is small enough so that ¢y > t;.

max{/7o, e 4} = {

e When t > ¢, then we simply observe that B(t) < 771/2.

e When ¢ < ¢y, we have B(t) = min [e™¥ ,me 7). Let t; = =log(1/m). Note that
the map defined on [0, 00) by ¢ — min [e %, e™] is increasing over [0, ], decreasing
[t1,00), and that

‘ » 7716 t when t < t4
min{/ng, e '} = { ! when t > t;.

NN

e When t; >t and ¢ < g, we see that B(t) = me” < 7]1770_

e When t; < tg and ¢ < g, then B(t) < B(t;) = e ¥ < n”*“

7z v

Since ty < t, if and only if 17, * < i, we conclude that B(t) < min {nfiv, My }
for all t < t,.

B

Hence, we worked (70) into

51
sup ||z (t) — 2(¢)]| = 2Qs max {\/no, min [1{,n5* m] },

where § = ﬁ”v We note that

1

1
Vo < =g <m = ip < Wié 2“<:>\/%<770 771

and
5—1

51 1-8
m < ne® =P <m0 = i <l

Using these equivalences we deduce that

6—1
max {/no, min [, 7,™ m]} = max {/70, 77}

Putting together our bounds on ||z(t) — &(t)|| for t > 0 large and ¢t > 0 small, we can now
conclude from (70) that for all € > 0 small enough and all D > 0 there exists a constant
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C :=C(g,x0,v,v,D) > 1 and a function F(g,zo,v, v, €, D) of € and D such that, whenever
max{e, 1o, 7,12} < 1/C and n3 < D, &(t) is defined for all ¢ > 0 and

8210) |lx(t) — z(t)|| < F(g,xo,v, 7, €, D) max {\/%, 7]‘15}, (71)
t>

holds, where ¢ := v/ (v + 7). We now take ¢ = 1/C in (71). This completes the proof of
Theorem 2. [
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